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ABSTRACT: In this paper we prove common and coincidence fixed point theorems for asymptotically
regular mapping for various contractive conditions on a Hilbert space setting. we will also study the
uniqueness of solution using available data for common fixed point problem. Our result generalize several
well known resultsin literature.
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I[.INTRODUCTIONS AND PRELIMINARIES

Most fixed point theorem for mapping in metric space satisfying different contraction condition may be extended to
abstract space like Hilbert space, Banach spaces etc. After some modifications Banach fixed point theorem and its
application are commonly (well) known to us.
Many authors have also extended this theorem bringing more contractive conditions somehow favours the existence
of a fixed point. Almost every condition favours the asymptotic regularity of the mapping after using some
considerations. So the investigation on some regular maps has aimportant rolein fixed point theory.
Sharma and Yuel [7] and Guay and Singh [3] were among the first who used the concept of asymptotic regularity to
prove fixed point theorems for wider class of mappings than a class of mappings introduced and studied by
Ciri¢ [2].
The purpose of this paper isto prove some common and coincidences fixed point theoremsin Hilbert spaces and we
study the well- posedness of their fixed point problem.
Definition 1.1. A self mapping T on a closed subset of a Hilbert space H is said to be asymptotically regular a a
point x in H, if

T'x —T"x |-0asn — w
where T™ x denotes the nth iterate of T at x.
Definition 1.2. Let C be a closed subset of a Hilbert space H. A sequence {x,} in C is said to be asymptotically T -
regular if X, —Tx, lI-- Oasn — «
Definition 1.3. A pair of mappings (7, T) on a Hilbert space His said to be weakly compatible if f and T commute at
their coincidence point (i.e.f T x =T f x whenever f x =T x. A point yeH is called point of coincidence of two self —
mappings f and T on Hif there existsapoint xeH suchthaty = T, = f,
The following lemma was given in [5] in a metric space setting.
Main Result:
Theorem 2.1: Let C be closed subset of a Hilbert space H and S and T be a mapping on C into itself satisfying
1555 S =taREEE | - HseaaEEe=Eva: =l =+ | Ee(mortiilifisal 6 Mo beteisei= Y aiic

Iy =Sqll® llx—Sx

2 12 =
Se 'V oo =Ty T+lx=Sell lx—Ty, (1.1)

For &l x,y € C, Where ~, 8,y and § , £, n are non-negativereal witha + §+y+ E+4n <1
Thus S and T have a unique common fixed point in C.
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Proof: Let x,¢ c, we define a sequence {x,,} as follows
Xont1 =SX2n s Xon4z = T Xon+y, N = 0,1,2.3 . from
We have

I
Il 2041 — 2o II°=Il Sxan T,

2
IxX2n—1=5x5p,ll

(1.2)

2 2 2 2 ;
Xomeq I'S @ Il %20 — Supy 15+ B W X2n-1 — Tapp oy, 157§ X0n — 2254 I + & Min{

N 2
”3211'512_,“_1"

2 2
Xon — il Xon-1 1= X2n—-1""Sx,, Il }" n

1+1xzn = Sxg Xz =Ty 4 |

1+1¥2n—1—Sxpp, MX2n—=Tayp, |l

. - 2 - s
< @ | X2n = Xanga WP+ Bl Xzpog — Xon 7Y 1l Xz — Xgnoq 17+ 8 Min{" x5, — x50 12,1l Xppm1 — Xonseq 17}

il 2 = 2
lx2n—1=X254+11l & 225 5x2n+1"

t 5
1+Ix2n—Xan+1 llxzn—22nl 1+lXep-1-X2n41 II‘IIxzn—in Il

Now
(Lra— &) | Xpn — Xonst IP
(Tra—§—2mM< B+y+2n 1l xon — Xoner I

; Bry+2n
Puttlng Gl m <

Then we have:

B+y+2y

X — X I°<
2n 2n+1 (1_“_ f_zn)

2 2
Xon = Xongr 1°S q Il X2 — Xonoq |l

Processing in thisway :

2 n 2
Xon — Xansa 15 Q7 |l Xon — X1 |l

For any positive integer p, one gets:

Xp = Xpap I°<I @xp — Xpsy I+ Xpyq —Xpya I+ +S (@* + g™ +q"2 + -+ @™P)  xp—x |l
n

Xp = X IS T 1 %0 — 11

Thus xp, —Xp4p I 0asn - x

Hence |x,[ is a Cauchy sequence in C. Since Cisclosed subset Of H, then There exists an element v € Csuch that
lim x, =x

n— 0

Now further, we have
1Y — Ty 1=l v — Xgpaq Il 1l xpp41 — Ty 1)?

<l v — 2541 07 0 551 — T, WH2Rell ¥ — Xgpq | +ll Xopgr —~ Ty |l
<l v — Xan41 "2+ all Xon — Xon+1 1%+ Gllv— T‘p ||2+ Y I Xan —V "2+ 6{" Xon — T‘u ”2; v —Xz041 ||2} +

lv—x2pn4:0%

n FE IXzn=%2n 41012
1+lxgn—Xzn+1 1+ lxgn =Tyl Ilv=xpn41ll+ 0220 =Tyll
AN = 0, Xy, = U, Xgpgq 2V
We have
2Re< v —xopyp,Xope — T, >0
Thenllv—T, I’ Bl v—T, I?
Then implies that v, T,,, Since f < 1 Similarly we get
v = s, then v is a common fixed point of Sand T.
For the uniqueness Letu € ¢ be another fixed point §
andT. When u # v
lu-vi?=ls,—T, I
allv—s, I’+ g llu—T, I”+y Il u—v >+ SMinfl
v—T, I} u—s, 1°} +
llu=syll? v =syll
THv=syllv=Tyl  * 1+lu=sylllv=Ty
v |12
Since y+46+n<1
so u = v that is the common fixed point is unique.

"5(1;+6+ mllu—

t2Re < ¥ = Xap41, Xoner — Ty >

REFERENCES

[1] Ciri¢, Lj.B., “fixed pointsof asymptoticaly regular
mappings”, Mathematical Communations, 10, 111-114, (2005).
[2] Ciri¢, Lj. B., “Generalized contractions and fixed point
theorems”, Publ. Inst. Math. (Beograd), 12(26), 19-26, (1971).

[3] Guay, M. D., and Singh, K.L., “fixed points of asymptotically
regular mappings”, Math. Vesnik, 35, 101-106 (1983).

[4] Patel, S. T., Garg, S. and Bhardwgj, R., Some results
concerning  fixed point in  Hilbert  space”, Journal
ofEngineering Research and Applications (IJERA), Val. 2 ssue.4,
1459-1461, (2012).

[5] Rashwan R. A. “Common and coincidence fixed point
theorem for asymptotically regular mapping in Hilbert spaces”,
American Journal of Mathematical Analysis, Vol. 2, No.1,8-14,
(2014)

[6] Reich, S., and Zaslawski, A.T., Well- Posedness of fixed point
problems, Far East J. Math. sci, Soecial volume, part 11, 393-
401 (2011).

[7] Sharma, P.L., and Yuel, AK., fixed point theorems under
Asymptotic regularity at a point”, Math. Sem. Notes 35, 181-190,
(1982).



